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Material stateComplex materials, often encountered in recent engineering and material sciences applications, show no
complete separations between solid and ﬂuid phases. This aspect is reﬂected in the continuous relaxation
time spectra recorded in cyclic load tests. As a consequence the material free energy cannot be deﬁned in
a unique manner yielding a signiﬁcative lack of knowledge of the maximum recoverable work that can
extracted from the material. The non-uniqueness of the free energy function is removed in the paper
for power-laws relaxation/creep function by using a recently proposed mechanical analogue to
fractional-order hereditariness.
 2014 Elsevier Ltd. All rights reserved.1. Introduction
Recent applications in engineering and physical sciences have
involved reticulated polymers, foams, hydrogels soft matter as well
as biological tissues as shown in several papers (Nutting, 1921;
Gemant, 1936; Jaishankar and McKinley, 2013; Nawaz et al.,
2012). These materials show signiﬁcative deviations of their
mechanical and rheological features from well-studied conven-
tional materials.
The differences are mainly due to the presence of a marked
microstructure with material cross-links, Wan der Waals
interactions and/or dipole–dipole bonds that lead to unpredictable
behavior with the well-known tools of continuum mechanics,
material rheology and thermodynamics. Indeed, in the rheology
framework studied in the paper, complex materials involve differ-
ent states of the matter that cannot be separated at the macro-
scopic observation scale. Such a consideration suggests that a
rheological description in terms of mechanical arrangements of
linear springs and linear dashpots, representing the solid and the
ﬂuid phases, respectively, is not acceptable. This is conﬁrmed by
experimental relaxation spectra (see e.g. paper Baumgaertel and
Winter, 1992) that shows a continuous distribution of relaxationtimes. Continuous relaxation times spectra are not described by
single or multiple exponential-type relaxation functions, corre-
sponding to arrangements of springs and dashpots, and they may
be described, instead, by power-law relaxation functions.
As a matter of fact creep and relaxation tests show that
experimental data may be ﬁt with extraordinary precisions by
power-laws with real-order exponents 0 6 b 6 1 (Lakes, 2009;
Magin and Royston, 2010) yielding, by the Boltzmann superposi-
tion integral, constitutive equations in terms of fractional opera-
tors (Scott-Blair, 1947; Caputo, 1974; Mainardi, 2010; Samko
et al., 1993). Fractional differential calculus may be thought as a
generalization of the well-known, integer-order, calculus operators
that turns the order j 2 N of differentiation of a function f ðxÞ into a
real-order value j 6 b 6 jþ 1 so that djf ðxÞ ! dbf ðxÞ. Incorporating
such fractional-order operators into the governing constitutive
equations produces new viscoelastic models for fractional heredi-
tary materials (FHM) that exhibit power-law relaxations. Mechan-
ical and geometrical representations of the fractional
differentiation have been reported in several scientiﬁc ﬁelds, such
as, mechanics (Di Paola and Zingales, 2008; Cottone et al., 2009),
thermodynamics (Povstenko, 2005; Povstenko, 2009; Sapora
et al., 2013; Borino et al., 2011; Mongiovi and Zingales, 2013)
beside rheology (Bagley and Torvik, 1983; Schiessel and Blumen,
1993).
The main gap in the use of alternative relaxation functions with
respect to the widely used linear combination of exponential
relaxations is related to the lack of a unique deﬁnition of the free
L. Deseri et al. / International Journal of Solids and Structures 51 (2014) 3156–3167 3157energy function. This is the consequence to the incomplete separa-
tion of the materials’ elastic and viscous phases at the scale of the
tensile tests, yielding non-conventional creep and relaxation func-
tions. Indeed if the two phases of the material may be clearly iden-
tiﬁed, as in conventional applications, then an exponential-type
relaxation function is observed in creep/relaxation tests and no dif-
ferences among the existent versions of the free energies exist.
In this regard, free energies, deﬁned upon phenomenological
relaxation/creep functions must satisfy the fundamental properties
described in classical papers by Volterra (1940), Grafﬁ and Fabrizio
(1989) and DelPiero and Deseri (1996) and, as those properties are
satisﬁed, several well-known different expressions for free energies
may be found in scientiﬁc literature (Staverman and Schwarzl,
1952; Breuer and Onat, 1964; Gurtin and Hrusa, 1988; Morro and
Vianello, 1989; Deseri et al., 2006). Despite their equivalence in
terms of the correspondent stress, very different conﬁgurations,
each corresponding to the same material state, may have the same
value of the free energy. Indeed the mechanical tests usually intro-
duced to deﬁne the relaxation/creep function of the material do not
allow for the evaluation of thematerial stored energy nor of the dis-
sipated energy. This is a severe drawback since the maximum
recoverable work from the material cannot be evaluated using
relaxation functions other than the exponential-type. The use of
power-law relaxation functions / tb with 0 6 b 6 1 undergoes
the same limitation, restricting the use of power-laws for the repre-
sentation of creep and relaxations of unconventional materials.
In a general context, the aforementioned considerations may be
overcome, allowing for only one deﬁnition of the material free
energy, as the elastic (solid) and viscous (ﬂuid) phases of the mate-
rial may be separated. In this regard it has been recently shown that
power-law creep/relaxations may be obtained with a mechanical
analogue to the fractional-order springpot with a complete separa-
tion of solid and ﬂuid phases (Di Paola et al., 2013a,b; Di Paola and
Zingales, 2012). This model served, also, as a guide to introduce a
fractal material microstructure yielding a macroscopic power-law
relaxation with the order of the power-law corresponding to the
Hausdorff dimension of the microstructure (Deseri et al., 2013).
In this paper the model is further investigated to provide a
unique expression of the free energy functional of FHM. It is shown
that the evaluation of the dissipation rate of FHM, obtained with
the mechanical analogue to the power-law relaxation, coincides
after some algebraic manipulations, with the well-known dissipa-
tion rate of the Stavermann–Schwarzl formulation.
Additionally, the complete characterization of parameters of
FHM, requires speciﬁc care in the deﬁnition of the equivalence
classes of the stress (or strain) histories undergone by the material,
namely to the knowledge of the state of the material (Noll, 1972).
Indeed, it has been shown recently that the correct evaluation of
FHM parameters requires the knowledge of the entire strain histo-
ries undergone by the material specimen (Di Paola et al., 2013), and
then, the correct deﬁnition of the material state is crucial for the
general derivation of the free energy functional (Grafﬁ and
Fabrizio, 1989; DelPiero and Deseri, 1997). This latter problem is
not so evident for relaxation functions given as linear combination
of exponential laws since a discrete number of state variables are
involved for the deﬁnition of the material state. The expression
of the free energy in terms of the material state for the power-laws
relaxation functions has also been provided in the paper.
The paper is organized as follows: In the next section the
authors will provide some basic deﬁnitions involving power-laws
creep/relaxations, the corresponding deﬁnitions of fractional inte-
grals and derivatives and the deﬁnition of material free energy. In
Section 3 the rheological description of power-laws creep/relax-
ations will be brieﬂy outlined for EV and VE material models. Sec-
tion 4 will be devoted to the evaluation of the elastic energy stored
in the mechanical model showing that it coalesces with a speciﬁcform of the free energy based upon the phenomenological
power-law relaxation function. The expression for the material free
energy in terms of the state of FHM is reported in Section 5 with
some comments reported in Section 6. Mathematical details about
fractional-order calculus have been introduced in Appendix A and
some additional informations concerning the mathematical deriva-
tions reported in the paper have been discussed in Appendix B.
2. Power-law relaxation (creep) function: the free energy
function of FHM
In the subsequent derivations we recall that two hypotheses are
considered while analyzing viscoelastic materials (see e.g.
Mainardi, 2010): (i) invariance under time translation and (ii) cau-
sality. With the ﬁrst requirement we mean that a time shift in the
input is reﬂected as the same shift in the output; with the second
we mean that the material response depends on previous histories
only, reﬂecting the memory of such materials. The discussion
about the power-law relaxation (creep) function in integral mate-
rial hereditariness is reported in this section with regards to the
issues:
1. Power-law relaxation (creep) functions yielding the constitutive
relations among the stress measure and the strain measure in
terms of fractional-order operators.
2. The free energy function of FHM that represent a scalar measure
of the stored material energy.
The section is devoted to the introduction of power-law relaxation/
creep functions and their relations with fractional-order derivatives
and integrals (Section 2.1). The deﬁnition of the material free
energy and its relation with the stress measure are discussed in
Section 2.2
2.1. Power-law relaxation (creep) function: fractional-order calculus
Let us assume, in this section, to deal with virgin materials,
namely either the strain or the stress are known from the very
beginning of the observation of their behavior, conventionally set
at t ¼ 0, and hence no past histories with respect to such a time
need to be taken into account.
Creep and relaxation tests are performed to detect the memory
of the material: in the ﬁrst case, the stress is held constant and the
strain is measured, whereas in the second one the strain is held
constant and the stress is measured. Whenever either a unit stress
or a unit strain is utilized, the creep compliance JðtÞ and relaxation
modulus GðtÞ are found as the strain and stress response to the
imposed unit stress and strain respectively, i.e.
ðtÞ ¼ UðtÞ!rðtÞ ¼ GðtÞ; ð1aÞ
rðtÞ ¼ UðtÞ!ðtÞ ¼ JðtÞ; ð1bÞ
where UðÞ is the unit Heaviside step function. When either the
creep or the relaxation function is known, the Boltzmann superpo-
sition principle allows writing convolution-type Riemann–Stieltjies
integrals to express the relationships between r and . Whenever
either the strain or the stress are prescribed, the constitutive rela-
tions for the corresponding derived quantities read as follows:
rðtÞ ¼
Z t
0þ
Gðt  sÞdðsÞ; ð2aÞ
ðtÞ ¼
Z t
0þ
Jðt  sÞdrðsÞ: ð2bÞ
Fig. 1. Normalized (a) relaxation and (b) creep functions.
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sequel.
Creep compliance and relaxation modulus are not independent.
Indeed they are linked to each other by the relationship
J^þðxÞG^þðxÞ ¼ 1
ixð Þ2
; ð3Þ
where the symbol ^denotes the right-sided Fourier transform (see
Eqs. (6) and (70).
Experiments on polymeric materials performed (see paper by
Nutting, 1921) at beginning of the twentieth century showed that
their relaxation function was well ﬁtted by power-laws, i.e.
GðtÞ ¼ Cb
Cð1 bÞ t
b; ð4Þ
where CðÞ is the Euler-Gamma function, Cb and b are characteristic
constants of the material. The exponent b must be enclosed in the
range 0 < b < 1 because of thermodynamics restrictions (Riewe,
1997; Di Paola and Zingales, 2012). At the extrema of the range,
asymptotic behaviors are obtained: b! 0 corresponds to purely
elastic solid whereas b! 1 to purely viscous ﬂuid. The values of
0 < b < 1 correspond to an intermediate behavior between elastic
solid and viscous ﬂuid, allowing it to describe both complex-struc-
tured materials and soft matter. As we expect, the creep compliance
of the given material can be determined through (3) from the relax-
ation modulus assumed in (4). Furthermore, the right Fourier trans-
form of the relaxation function (4) yields
G^þðxÞ ¼ CbðixÞb1; ð5Þ
which may be replaced in (3) yielding, after inverse transform:
JðtÞ ¼ 1
CbCð1þ bÞ t
b: ð6Þ
It is worth analyzing the material behavior with the aid of normal-
ized functions, GðtÞ and JðtÞ deﬁned as follows
GðtÞ :¼ GðtÞ Cb
 1Cð1 bÞ ¼ tb and JðtÞ :¼ JðtÞCbCð1þ bÞ ¼ tb and
plotted in Fig. (1). A careful observer will notice immediately that
all the curves share the common point (1,1), which represents a
key value. Indeed, the blue curves (0 < b 6 1=2) show that the elas-
tic phase prevails on viscous one with decreasing b, whereas the red
ones (1=2 6 b < 1) show that the viscous phase prevails on elastic
one as increases as b. This consideration provides a mean for iden-
tifying the former as ElastoViscous (EV) materials while the latter as
ViscoElastic (VE) ones; the value b ¼ 1=2 is clearly common to both
kinds of materials, thus it may be obtained as a limiting case of both
models described above. The constitutive equations of fractional
hereditary materials may be obtained with the substitution of (4)
and (6) into Boltzmann integrals in (2) and in (2b) yielding:
rðtÞ ¼
Z ðtÞ
0þ
Gðt  sÞdðsÞ ¼ Cb
Cð1 bÞ
Z rðtÞ
0þ
_ðsÞ
ðt  sÞb ds
¼ Cb CDb0þ
 
tð Þ; ð7aÞ
ðtÞ ¼
Z t
0þ
Jðt  sÞdrðsÞ ¼ ðCbÞ
1
Cð1þ bÞ
Z t
0þ
ðt  sÞb _rðsÞds
¼ 1
Cb
Ib0þr
 
tð Þ; ð7bÞ
which represent the constitutive relations in terms of fractional-
order integrals and derivatives deﬁned in the positive real axis
½0;1½. In Eq. (7) the terms CDb0þ
 
tð Þ and Ib0þr
 
tð Þ so-called Cap-
uto’s fractional derivative and Riemann–Liuville fractional integrals,
respectively (see (6)). We conclude that as soon as the creep and/or
the relaxation function is assumed to be a power-law type, then theconstitutive laws involves fractional operators. The constitutive
equations in terms of fractional-order calculus assume that the con-
sidered material is at rest for t ¼ 0 a condition that is seldom avail-
able in engineering and physical applications. It has been shown in
previous paper that the presence of an history of strain/stress
undergone by the material up to the time instant t, that is the initial
time of the strain/stress process must be included in the constitu-
tive equations to provide accurate estimations of the decaying
and the force coefﬁcients of the material, namely b and Cb (Di
Paola et al., 2011). In this latter case the complete stress measure
in virgin FHM may be obtained by extending the initial time instant
to 1 yielding:
rðtÞ ¼
Z t
1
Gðt  sÞdðsÞ ¼ Cb
Cð1 bÞ
Z t
1
_ðsÞ
ðt  sÞb ds ¼ Cb
CDbþ
 
tð Þ; ð8aÞ
ðtÞ ¼
Z t
1
Jðt  sÞdrðsÞ ¼ ðCbÞ
1
Cð1þ bÞ
Z t
1
ðt  sÞb _rðsÞds ¼ 1
Cb
Ibþr
 
tð Þ; ð8bÞ
In the following section the deﬁnition of free energy of frac-
tional hereditary materials will be discussed. The fundamental def-
initions necessary to evaluate the free energy associated to the
power-law creep/relaxation from a mechanical perspective will
be shortly summarized.2.2. The free energy functionals of FHM
The speciﬁc Helmoltz free energy w ; t ; Tð Þ with T the
absolute temperature, tðsÞ ¼ ðt  sÞ with 1 6 s 6 t the strain
history, is, by deﬁnition, a thermodynamic state function whose
gradient, with respect to the actual value of the deformation 
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material free energy is expressed in terms of the rate of incre-
ments of the speciﬁc internal energy _u and of the entropy
production as:
_w :¼ _u T _s; ð9Þ
where _s is the speciﬁc entropy production rate that must satisfy the
thermodynamic restriction provided by the second principle of
thermodynamics _sP _q=T , where _q is the rate of change of the
speciﬁc thermal energy. The rate of change of the internal energy
function is related to the speciﬁc mechanical work done on the
system and to the thermal energy exchange as (ﬁrst principle of
thermodynamics) _u ¼ _wext þ _q. The free energy function in Eq. (9)
may be expressed in a more explicit form if we introduce the
entropy production rate due to irreversible transformations, namely
_sðiÞ P 0 so that the second principle of thermodynamics may be
written as: _s ¼ _q=T þ _si yielding, upon substitution in the expression
of the free energy in Eq. (9)
_w ¼ _wext  T _sðiÞ ¼ _wextðtÞ  DðtÞ ð10Þ
where we used the balance equation of the ﬁrst principle and we
introduced the speciﬁc dissipation rate DðtÞ ¼ T _sðiÞ P 0 due to
irreversible thermodynamical transformations in the material.
Assuming isothermal processes, the free energy function w for
simple hereditary material depends on the current value of the
strain and on the past history undergone by the material
wð tð Þ; tðsÞÞ. The free energy function must be a state function
and it must fulﬁll the following thermodynamical restrictions ther-
modynamic restrictions as (see paper Noll, 1972):
 For any time instant the following thermodynamic restriction
holds true:rðtÞ _ðtÞP _wððtÞ; tðsÞÞ: ð11Þ
 For the entire set of strain histories ðt  sÞ sharing the same
value at the time instant t as ð0Þ ¼ 0 the minimum free energy
must be achieved for the uniform strain history as
ðt  sÞ ¼ const ¼ 0 8t.
 The derivative of the free energy with respect to the actual
value of the strain must correspond to the measured stress asrðtÞ ¼ @wððtÞ; 
tðsÞÞ
@ðtÞ : ð12Þ For any strain 0
wð0; t0Þ  wð0;0tÞ ¼ 1=2G120; ð13Þwhere t0 denotes a constant history of value 0.
 Any free energy is a state function and, therefore the following
equality must be fulﬁlled for any pair of strain histories tAðsÞ
and tBðsÞ corresponding to the same material state as:wððtÞ; tAðsÞÞ ¼ wððtÞ; tBðsÞÞ: ð14Þ
Under the assumption of linear hereditary behavior the stress
value rðtÞ is provided by the Boltzmann–Volterra integral as
reported in the ﬁrst equality of Eq. (8). An explicit dependence of
the stress measure on the actual value of the strain and of the
strain histories may be easily introduced as we perform an integra-
tion by parts yielding the following expression:
rð; tÞ ¼ Gð0ÞðtÞ þ
Z 1
0
_GðsÞtðsÞds: ð15Þ
The latter may be substituted in Eq. (13) to yield a general
expression of the free energy functional explicitly dependent on
the current value of the strain as well as on the strain histories as
follows:wððtÞ; tðsÞÞ ¼ 1
2
Gð0ÞðtÞ2 þ ðtÞ
Z 1
0
_GðsÞtðsÞdsþ RðtðsÞÞ; ð16Þ
where RðtðsÞÞ must be a functional of the past strain history only.
The presence of the functional RðtðsÞÞ is a source of indeterminacy
for the free energy function; This leaves room to several choices for
wðtÞ the expressions proposed in papers (Staverman and Schwarzl,
1952; Breuer and Onat, 1964; Gurtin and Hrusa, 1988; Morro and
Vianello, 1989; Deseri et al., 2006), among others.
In other words the measure of the relaxation/creep function of
the material is not sufﬁcient, by itself, to predict the amount of
energy available during any strain/stress process. If, instead, a rhe-
ological description of relaxation/creep function of a material may
be identiﬁed accounting for viscous and elastic phases, then the
dissipation rate (or the free energy rate) may be uniquely
evaluated.
Indeed, it is well-known that, for simple rheological models
such as the Kelvin, the Maxwell as well as for their combinations,
the expression of the speciﬁc free energy of the system may be
obtained evaluating the speciﬁc energy stored in the elastic springs
(see e.g. Staverman and Schwarzl, 1952; Breuer and Onat, 1964).
Alternatively, the free energy function may be evaluated in terms
of the speciﬁc dissipation rate of the viscous dashpots in the rheo-
logical model. The evaluation of the free energy function, in these
cases, may be directly obtained by the physics of the model sepa-
rating the ﬂuid (purely viscous) and the solid (purely elastic)
phases in the rheological model of the material relaxation function.
It may be argued that, as an exact rheological representation of the
relaxation function is involved, then the free energy of the material
may be obtained in a mechanical setting evaluating either the elas-
tic energy stored or the viscous dissipation rate. The choice of a
speciﬁc form for the free energy function, although corresponding
to the same representation for the stress function, may correspond
to very different material state signiﬁcantly affecting the mathe-
matical predictions.
In the sequel of the paper we refer to a speciﬁc functional class
of the free energy reported in Eq. (16) that, assuming a linear mate-
rial behavior, may be expressed as a quadratic functional of the
strain measures for the free energy wðtÞ (see Breuer and Onat,
1964) as:
wðtÞ ¼
Z t
1
Z t
1
Kðt  s1; t  s2Þ _ðs1Þ _ðs2Þds1ds2 ð17Þ
with Kð; ÞP 0 any non-negative and symmetric, i.e.,
Kðs1; s2Þ ¼ Kðs2; s1Þ continuous and differentiable function with
respect the two arguments s1 and s2. In this setting, the explicit
dependence of the energy from the current value of the strain and
of the strain histories may be performing some straightforward
integration by parts and variable substitutions in Eq. (17) yielding:
wð; tÞ ¼ Kð0;0ÞðtÞ2 þ 2ðtÞ
Z t
1
_Kð0; t  sÞðsÞdsþ
Z t
1

Z t
1
€Kðt  s1; t  s2Þðs1Þðs2Þds1ds2; ð18Þ
where we used the symmetry of the Kð; ÞP 0. Inspection of the
free energy functionals in Eq. (16) and in Eq. (18) shows that, under
the assumption of wðtÞ in Eq. (17) the kernel function Kð; Þmay be
related to the relaxation function obtained by stress measures as
2Kð0; 0Þ ¼ Gð0Þ and Kð0; tÞ ¼ Kðt;0Þ ¼ GðtÞ. This identiﬁcation yields
the following expression for the integration term RðtðsÞÞ:
RðtðsÞÞ ¼
Z 1
0
Z 1
0
€Kðs1; s2Þtðs1Þtðs2Þds1ds2: ð19Þ
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dent on the choice of the Kernel function Kð; Þwhose restriction to
the time axis s1 and s2 coincides with the relaxation function GðtÞ.
A more speciﬁc expression of the free energy functional is
obtained as the kernel function is related to the relaxation function
as (Staverman and Schwarzl, 1952):
Kðs1; s2Þ ¼ Gðt  s1 þ t  s2Þ2 ¼
Gð2t  s1  s2Þ
2
; ð20Þ
then the free energy expression in Eq. (17) is obtained in the form:
wss tð Þ ¼
1
2
Z t
1
Z t
1
G 2t  s1  s2ð Þ _e s1ð Þ _e s2ð Þds1ds2; ð21Þ
where the sufﬁx SS stands for Stavermann and Schwartzl free
energy. In Eq. (21) we made the replacement of the strain variable
in terms of shear strain to be consistent with subsequent deriva-
tions. The introduction of the ﬁrst principle of thermodynamics,
yields that the speciﬁc mechanical work must equate the rate of
increment of speciﬁc free energy added to the dissipation rate of
the material as:
r tð Þ _e tð Þ ¼ 2 _e tð Þ
Z t
1
K 0; t  sð Þ _e sð Þdsþ
Z t
1

Z t
1
_K t  s1; t  s2ð Þ _e s1ð Þ _e s2ð Þds1ds2 þ D tð Þ
¼ _e tð Þ
Z t
1
G t  sð Þ _e sð Þdsþ 1
2
Z t
1

Z t
1
_G 2t  s1  s2ð Þ _e s1ð Þ _e s2ð Þds1ds2 þ D tð Þ; ð22Þ
where we neglected non-essential dependency on the actual value
of the strain only ðtÞ. The observation of the energy rate reported
in Eq. (22) shows that the dissipation rate associated to the free
energy in Eq. (21) reads:
D tð Þ ¼ 1
2
Z t
1
Z t
1
_G 2t  s1  s2ð Þ _e s1ð Þ _e s2ð Þds1ds2; ð23Þ
that is, a quadratic form of the strain histories with measure pro-
vided by the relaxation function GðtÞ. Different choices of the kernel
Kðs1; s2Þ in Eq. (17) yield different choices for the dissipation rates,
each corresponding to the same stress at time t. The explicit expres-
sions of the free energy wðtÞ and of the dissipation rate of DðtÞ, in
Eqs. (21) and (23) for the power-law relaxation function is obtained
as:
wss tð Þ¼
1
2CbCðbÞ
Z t
1
Z t
1
2ts1s2ð Þb _e s1ð Þ _e s2ð Þds1ds2; ð24aÞ
D tð Þ¼ b
2CbCðbÞ
Z t
1
Z t
1
2ts1s2ð Þð1þbÞ _e s1ð Þ _e s2ð Þds1ds2: ð24bÞ
Summing up, in this section we observed that the deﬁnition of
the free energy in the presence of hereditary material behavior is
affected by a pathological drawback: The presence of an integra-
tion term that is not known by relaxation (or creep) measures. In
this regard, the residual term is related to the dissipation rate of
the material during the strain history and, assuming a speciﬁc
expression of the free energy functional it may be evaluated.
Different kinds of expressions of the dissipation rate may be
obtained for the different expressions of the free energy functional
each corresponding to the same measures of stress relaxation, thus
providing non-unique relations among stress measures and the
material dissipation. In passing we observe that some thermody-
namical restrictions about the fractional model of creep/relax-
ations have been reported in a recent paper (Fabrizio, 2014).
In the following sections we show that for the power-law creep/
relaxation function, a proper mechanical model that separates theelastic (solid) phase and the viscous (ﬂuid) phase may be used to
introduce a unique expression of the free energy for FHM. Thus,
the exact amount of energy stored in the material for any strain
process can be evaluated.
3. Rheological models of fractional hereditary materials
The use of a mechanical model to pursue power-law hereditari-
ness of material response is an old topic of rheology and it has been
treated, in exact form, only for the case of power-law decay
b ¼ 1=2 (Bagley and Torvik, 1983, 1986). Several other approxi-
mate expressions have been obtained in the scientiﬁc literature
for 0 6 b 6 1 holding for speciﬁc time intervals (Schiessel and
Blumen, 1993; Friedrick, 1993).
In recent studies, the authors proposed an exact mechanical
description of power-laws for decay exponent in the entire range
0 6 b 6 1 possessing a clear separation between the viscous and
the elastic material phases (Di Paola and Zingales, 2012). The
behavior of Elasto-Viscous material has been separated from
visco-elastic one: Both are ruled by b-order differential equation,
but in the former case 0 < b < 1=2 while in the latter
1=2 6 b < 1. The different range of fractional-order involved in
constitutive equations is linked to a different mechanical model.
In this section we show two different mechanical arrangements
to describe the material behavior. The rheological scheme of Elas-
to-Viscous material (EV) is represented by an indeﬁnite massless
plate resting on a column of Newtonian ﬂuid supported on a side
by a ‘‘bed’’ by way of independent elastic springs, whereas the
model of Visco-Elastic material (VE) is represented by an indeﬁnite
massless plate resting on a column of elastic solid linked to a rigid
support through independent viscous dashpots, as depicted in
Fig. 2. In both cases, we consider a cross-section with area A; more-
over, we assume that the material elastic modulus kðzÞ and viscous
coefﬁcient cðzÞ spatially decay with a power-law, resembling a
functionally graded microstructure. Thus, in the case of EV mate-
rial, they read as follows:
kEV ðzÞ ¼ AGEV ðzÞ ¼ A G0Cð1þ aÞ z
a; ð25aÞ
cEV ðzÞ ¼ AgEV ðzÞ ¼ A
g0
Cð1 aÞ z
a; ð25bÞ
whereas in the case of VE material they become:
kVEðzÞ ¼ AGVEðzÞ ¼ A G0Cð1 aÞ z
a; ð26aÞ
cVEðzÞ ¼ AgVEðzÞ ¼ A
g0
Cð1þ aÞ z
a: ð26bÞ
In Eqs. (25) and (26) the subscripts EV and VE indicate ElastoViscous
and ViscoElastic case, respectively, and 0 6 a 6 1 is the decay
parameter. In these models the equilibrium is governed by a differ-
ential equation in the following form:
ðEVÞ : @
@z
cEV ðzÞ @
_c
@z
 
¼ kEV ðzÞcðz; tÞ; ð27aÞ
ðVEÞ : @
@z
kVEðzÞ @c
@z
 
¼ cVEðzÞ _cðz; tÞ; ð27bÞ
where cðz; tÞ represent the transverse displacement imposed to the
shear layer at depth z and _cðz; tÞ :¼ @
@t cðz; tÞ is its time rate of change.
In order to solve the problems above, we make use of the boundary
conditions related to the mechanical schemes in Fig. 2, expressed in
the form of limits as follows:
lim
z!0
cðz; tÞ ¼ cðtÞ;
lim
z!1
cðz; tÞ ¼ 0:
8<
: ð28Þ
Fig. 2. Rheological continuum models: (a) ElastoViscous (EV) and (b) ViscoElastic (VE).
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Zingales (2012) that Eq. (27a) (or Eq. (27a)) delivers a relationship
between the force r arising in the top layer in both models and
the Caputo fractional derivative of displacement c, i.e.
rðtÞ ¼ Cb CDb0þc
 
tð Þ; ð29Þ
where we assumed the parameters as:
Cb :¼ CðEVÞb ¼
G0CðbÞ
Cð2 2bÞCð1 bÞ212b s
ðEVÞ
a
 b
; ð30aÞ
sðEVÞa ¼
g0
G0
Cð1þ aÞ
Cð1 aÞ ð30bÞ
and a ¼ 1 2b for the EV material, whereas:
Cb :¼ CðVEÞb ¼
G0Cð1 bÞ
Cð2 2bÞCðbÞ22b1 s
ðVEÞ
a
 b
; ð31aÞ
sðVEÞa ¼
g0
G0
Cð1 aÞ
Cð1þ aÞ ð31bÞ
and a ¼ 2b 1 for the VE materials. The terms sðEVÞa ; sðVEÞa are relax-
ation times. The result expressed by Eq. (29) highlights that these
rheological models are capable to yield a force on the top layer
relaxing with a power-law, ultimately resembling the macroscopic
material behavior. In this respect, the boundary of such rheological
models reproduces the material response.
A different, mechanical-type perspective of the rheological
models of EV and VE materials is related to the evaluation of the
overall stress in the external springs rðEVÞðz; sþ tÞdz of the EV
model and of the external dashpots in the VE model
rðVEÞðz; sþ tÞdz (see Fig. 3) that reads:
rðtÞ ¼
Z 1
0
rðEVÞðz; sþ tÞdz ¼ Cb CDbþc
 
tð Þ ð0 6 b 6 1=2Þ; ð32aÞ
rðtÞ ¼
Z 1
0
rðVEÞðz; sþ tÞdz ¼ Cb CDbþc
 
tð Þ ð1=2 6 b 6 1Þ ð32bÞ
with the last equality obtained from the horizontal equilibrium con-
ditions of the EV and VE models, respectively. The stress ﬁelds
rðEVÞðz; tÞ and rðVEÞðz; tÞ may be obtained in terms of the Duhamel’s
integral of the displacement at the boundary cðtÞ as:
rðEVÞðz;sþtÞ¼ kðzÞcðz;sþtÞ¼ kðzÞ
Z sþt
1
HðEVÞðz;sþt rÞcðrÞdr; ð33aÞ
rðVEÞðz;sþtÞ¼ cðzÞ _cðz;sþtÞ¼ cðzÞ
Z sþt
1
HðVEÞðz;sþt rÞ _cðrÞdr; ð33bÞwhere the integral kernels in Eq. (33) may be obtained as the Right
inverse Fourier transform of the frequency response ﬁelds, namely,
H^ðEVÞðz;xÞ and H^ðVEÞðz;xÞ, that reads (see Appendix B):
H^ðEVÞðz;xÞ ¼ G0
Cð1 bÞCð2 2bÞ2b s
EV
a ix
 b
2zbKb
zﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sEVa ix
p
 !
;
ð34aÞ
H^ðVEÞðz;xÞ ¼ G0
CðbÞCð2 2bÞ2b1 s
VE
a ix
 1þb
2 z1bK1b z
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sVEa ix
q	 

:
ð34bÞ
The achieved result is consistent with what is encountered in
micromechanics, where a displacement (in this case c) is prescribed
on the boundary (namely the top plate) of a representative volume
element of heterogeneous material and a boundary value problem
is solved in the interior of such an element. This latter consideration
is, in a broad sense, the result discussed in Di Paola and Zingales
(2012) where it was found that the response of the top plate, was
the convolution between the rate of change of the imposed dis-
placement and the relaxation functions GðEVÞðÞ or GðVEÞðÞ for (EV)
or (VE) material models respectively.
4. The mechanical assessment of the free energy of FHM
The arguments in previous sections showed how the expression
of free energies based on stress relaxations are not unique and this
is a very serious drawback that may considerably affect the
mechanical derivations, such as studies about stability of either
conﬁgurations or motions or both. On the other hand it has been
assessed that the stored and the dissipated energy may be
computed in unique way for Voigt, Maxwell or more reﬁned mod-
els in which elastic springs and viscous dashpots are involved. On
this solid ground, in Section 3 we presented exact mechanical
models corresponding to power-laws composed by springs and
dashpots and in this section we aim to evaluate the stored (free)
and the dissipated energy of fractional hereditary materials. Since
for 0 6 b 6 12 and 12 6 b 6 1 the mechanical models are different
from each another, the two cases will be discussed separately.
4.1. Derivation of the free energy for the Elasto-Viscous model
Let us consider a relaxation function GðtÞ / tb with 0 6 b 6 1=2
and, therefore, described by the Elasto-Viscous rheological model
presented in Section 3. In this case the overall dissipation rate of
Fig. 3. Elastoviscous (E) and viscoelastic (V) deformed models and related external microstresses.
Fig. 4. Past histories tð1Þ; 
t
ð2Þ and deformation process 
p .
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pated by the internal dashpots as:
DEV tð Þ ¼ 12
Z 1
0
c zð Þ @ _c
@z
z; tð Þ
	 
2
dz ð35Þ
and the rate of shear strain reads:
@ _c
@z
z; tð Þ ¼
Z t
1
H EVð Þ;z z; t  sð Þ _c sð Þds: ð36Þ
The dissipation rate, involving the Green’s function of the model
reported in Section 3 may also be written in terms of the Fourier
transforms H^ðz;xÞ ¼ Iþ Hðz; tÞ½  as:
DEV tð Þ ¼ 12
Z þ1
0
c zð Þﬃﬃﬃﬃﬃﬃ
2p
p 2
Z þ1
0
eix1tH^ EVð Þ;z z;x1ð Þ _^c x1ð Þdx1

Z þ1
0
eix2tH^ EVð Þ;z z;x2ð Þ _^c x2ð Þdx2dz
¼ 1
2 2pð Þ2
Z þ1
0
Z þ1
0
ei x1þx2ð Þt

Z þ1
0
c zð ÞH^ EVð Þ;z z;x1ð ÞH^ EVð Þ;z z;x2ð Þdz _^c x2ð Þ _^c x2ð Þdx2dx1
¼ 1
2
1ﬃﬃﬃﬃﬃﬃ
2p
p
Z þ1
0
eix1t
1ﬃﬃﬃﬃﬃﬃ
2p
p

Z þ1
0
eix2t^^LðEVÞ x1;x2ð Þ _^c x2ð Þdx2 _^c x1ð Þdx1;
ð37Þ
where we deﬁned
^^LðEVÞ x1;x2ð Þ :¼
Z þ1
0
c zð ÞH^ EVð Þ;z z;x1ð ÞH^ EVð Þ;z z;x2ð Þdz ð38Þand as we denote the monodimensional inverse right Fourier trans-
form as:
MðEVÞ x1; tð Þ :¼ 1ﬃﬃﬃﬃﬃﬃ
2p
p
Z þ1
0
eix2t^^LðEVÞ x1;x2ð Þ _^c x2ð Þdx2
¼ I1þ ^^LðEVÞ x1; ð Þ _^c ð Þ
h i
tð Þ
¼
Z t
1
L^ðEVÞ x1; t  s2ð Þ _^c s2ð Þds2; ð39Þ
where, in the latter equality the convolution theorem has been
applied. Substitution of Eq. (39) into Eq. (37) allows for the dissipa-
tion rate in the form:
DEV tð Þ ¼ 12
1ﬃﬃﬃﬃﬃﬃ
2p
p
Z þ1
0
eix1t
Z t
1
L^ðEVÞ x1; t  s2ð Þ _^c s2ð Þds2 _^c x1ð Þdx1
¼ 1
2
I1þ M
ðEVÞ t; ð Þ _^c ð Þ
h i
tð Þ; ð40Þ
that, by means of the convolution theorem yields the dissipation
rate in the form:
DEV tð Þ ¼ 12
Z t
1
MðEVÞ t  s1ð Þ _c s1ð Þds1
¼ 1
2
Z t
1
Z t
1
LðEVÞ t  s1; t  s2ð Þ _c s2ð Þds2 _c s1ð Þds: ð41Þ
The expression of the dissipation rate provided in Eq. (62) shows
that, with the aid of the rheological model, a unique expression of
the dissipation rate is obtained.
Summing up, the evaluation of the dissipation rate for the
mechanical model of EV materials corresponding to power-laws
relaxations / tb and 0 6 b 6 1=2 may be performed accounting
for the overall energy dissipated in the purely viscous layers for
applied transverse displacement cðtÞ at the top layer. In this regard
the dissipation rate involves a double integral (see Eq. 62) with
kernel provided by a two variable function, namely, LðEVÞðs1; s2Þ
that is obtained by means of an inverse double right Fourier trans-
form of the operator ^^LðEVÞðx1;x2Þ reported in Eq. (38).
The explicit evaluation of operator ^^LðEVÞðx1;x2Þ is a fundamen-
tal step to obtain an expression for the dissipation rate in the
mechanical model and, substituting Eq. (34a) into Eq. (38) it yields:
^^LðEVÞðx1;x2Þ ¼
ix1sEð Þ1b  ix2sEð Þ1b
 
p csc pbð Þ
2sEiðx1 x2Þ ; ð42Þ
that may be transformed to time domain yielding:
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12bðt1 þ t2Þb2sbE g0p csc pbð Þ
C 2 bð ÞCðbÞ2Cðb 1Þ
: ð43Þ
The kernel operator in Eq. (43), namely LðEVÞðt1; t2Þ may be written,
replacing the variables t1 ! t  s1 and t2 ! t  s2 and substituting
the expression of the viscosity coefﬁcient g0 ¼ sEG0Cð22bÞCð2bÞ , b ¼ 1 b
with 0 6 b 6 1=2, in the form:
Lðt  s1; t  s2Þ ¼
bCEV ðbÞð2t  s1  s2Þð1þbÞ
Cð1 bÞ ð44Þ
yielding, upon substitution in Eq. (62), the dissipation rate DEV ðtÞ in
the form coalescing with Eq. (23) assuming the relaxation function
in Eq. (4).
The result obtained in Eq. (44) is of great importance since it
states, clearly, that for power-law relaxation functions, the overall
dissipation rate of the material for any strain history is always pro-
vided by the quadratic expression reported by Di Paola et al.
(2013). This result have been obtained by means of the rheological
model corresponding to the relaxation function of FHM that allows
to separate,completely, the solid (elastic) phase and the ﬂuid (vis-
cous) phase of the material.
Summing up we showed that, despite the non-uniqueness of
the free energy and of the dissipation rate associated to a particular
functional class of the relaxation function, this is not the case of
FHM. Indeed for such materials the relaxation function is
expressed in terms of power-laws of real order and a rheological
model that possess a power-law creep/relaxation function has
been obtained in recent literature (Di Paola and Zingales, 2012).
The model has been used to deﬁne the state of FHM in a previous
paper (Deseri et al., in press) and in this paper it has been used to
evaluate the dissipation rate. In this context has been shown that
the dissipation rate obtained from the rheological model coincides
with the dissipation rate involved in the Stavermann–Schwarzl
expression of the free energy reported in Staverman and
Schwarzl (1952) assuming a power-law relaxation function. We
may conclude that the Stavermann–Schwarzl expression of the
free energy function provided in Staverman and Schwarzl (1952)
corresponds to the potential energy stored in the elastic solid
phase of fractional hereditary materials.4.2. Derivation of the free energy for the Visco-Elastic material model
The arguments of previous section led the conclusion that, at
least for the EV material model and, henceforth for decaying
exponent in the range 0 6 b 6 1=2 the energy stored in the linear
elastic phase of a fractional hereditary material is provided by
the Staverman–Schwartzl free energy function. In this section we
show that a similar consideration may be withdrawn for the VE
model of fractional hereditariness, that is for decaying exponent
in the range 1=2 6 b 6 1.
Indeed the evaluation of the dissipation rate DVEðtÞ for VEmodel
is obtained by means of the overall energy dissipated by the exter-
nal viscous dashpots of the VE model as:
DVE tð Þ ¼ 12
Z 1
0
c zð Þ _cðz; tÞð Þ2dz ð45Þ
and, expressing the rate of displacement function in terms of func-
tion HðVEÞðz; tÞ as:
_c z; tð Þ ¼
Z t
1
H VEð Þ z; t  sð Þ _c sð Þds; ð46Þ
the expression of the dissipation rate reads:DVE tð Þ ¼ 12
Z þ1
0
c zð Þﬃﬃﬃﬃﬃﬃ
2p
p 2
Z þ1
0
eix1tH^ VEð Þ z;x1ð Þ _^c x1ð Þdx1

Z þ1
0
eix2tH^ VEð Þ z;x2ð Þ _^c x2ð Þdx2dz
¼ 1
2 2pð Þ2
Z þ1
0
Z þ1
0
ei x1þx2ð Þt

Z þ1
0
c zð ÞH^ VEð Þ z;x1ð ÞH^ VEð Þ z;x2ð Þdz _^c x2ð Þ _^c x2ð Þdx2dx1
¼ 1
2
1ﬃﬃﬃﬃﬃﬃ
2p
p
Z þ1
0
eix1t
1ﬃﬃﬃﬃﬃﬃ
2p
p

Z þ1
0
eix2t^^LðVEÞ x1;x2ð Þ _^c x2ð Þdx2 _^c x1ð Þdx1;
ð47Þ
where we deﬁned:
^^LðVEÞ x1;x2ð Þ :¼
Z þ1
0
c zð ÞH^ VEð Þ z;x1ð ÞH^ VEð Þ z;x2ð Þdz ð48Þ
and as we denote the monodimensional inverse right Fourier
transform as:
MðVEÞ x1; tð Þ :¼ 1ﬃﬃﬃﬃﬃﬃ
2p
p
Z þ1
0
eix2t^^LðVEÞ x1;x2ð Þ _^c x2ð Þdx2
¼ I1þ ^^LðVEÞ x1; ð Þ _^c ð Þ
h i
tð Þ
¼
Z t
1
L^ðVEÞ x1; t  s2ð Þ _^c s2ð Þds2; ð49Þ
yielding the form of the dissipation rate for the ViscoElastic
material model as:
DVE tð Þ ¼ 12
Z t
1
MðVEÞ t  s1ð Þ _c s1ð Þds1
¼ 1
2
Z t
1
Z t
1
LðVEÞ t  s1; t  s2ð Þ _c s2ð Þds2 _c s1ð Þds: ð50Þ
The explicit expression for the operator ^^LðVEÞðx1;x2Þ may be
obtained in the form:
^^LðVEÞðx1;x2Þ ¼
ix1sVð Þb  ix2sVð Þb
 
p csc pbð Þ
2siðx1 x2Þ ; ð51Þ
that may be transformed back in time domain, yielding for the VE
case:
LðVEÞðt1; t2Þ ¼ 2
12bðt1 þ t2Þb1g0sðbþ1ÞV Cð1 bÞ
CðbÞ2Cð2bÞ
: ð52Þ
The expression in Eq. (52) may be still manipulated, accounting for
the transformations t1 ¼ t  s1 and t2 ¼ t  s2 and g0 ¼ sVG0Cð2bÞCð22bÞ
yielding:
LðVEÞðt  s1; t  s2Þ ¼ bCVEðbÞð2t  s1  s2Þ
ðbþ1Þ
Cð1 bÞ ; ð53Þ
that may be substituted into Eq. (50) to yield the dissipation rate in
the form provided in Eq. (23) for stress relaxation measures in the
form of Eq. (4). This result shows that, also with the VE model of
FHM, the expression of the free energy function coincides with
the functional in Staverman and Schwarzl (1952) for any strain his-
tories undergone by the material.
The expression of the free energy function in term of the state of
FHM for the VE material model is analogous to that provided in
previous section and it has not been repeated for brevity.
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The arguments provided in previous sections showed that, for
the case of power-law relaxation/creep measures of stress and
strain, respectively, a unique expression of the free energy function
that corresponds to the stored energy for any strain and stress his-
tory may be withdrawn from the mechanical equivalence of FHM.
The knowledge of the strain or stress history in a material sam-
ple, as required for virginmaterials, is an ideal condition that is sel-
dom available in applications where unknown strain histories
eðtÞðsÞ may have been applied to the material; We refer to these
cases as non-virgin materials. The stress measure in non-virgin
materials involves the presence of the residual stress due to the
unknown strain histories as well as the contribution of the strain
process used to measure the stress. The presence of the residual
stress may introduce important deviations among the measured
value and the current value of the stress for materials with long-
tails relaxation function as the power-law of FHM.
In these cases we refer to the notion of the state of simple mate-
rials (Noll, 1972; Grafﬁ and Fabrizio, 1989; DelPiero and Deseri,
1997) yielding the deﬁnition of the equivalence class of strain his-
tories that corresponds to the same material state. In this regard
two histories are equivalent if any arbitrary continuation (often
called either process or segment) of ﬁnite arbitrary duration yields
either the same stress and/or the same mechanical work measures.
In this section we introduce the deﬁnition the state of FHM and
we will deﬁne the material free energy in Staverman and Schwarzl
(1952) that represent the energy stored in the elastic phase of the
material, deﬁned in the following wSS, in terms of material state.
The speciﬁc functional classes of equivalent strain histories for
power-law relaxation functions, is obtained aswe introduce two dif-
ferent strain histories 0ðiÞðrÞ with ði ¼ 1;2Þ up to time instant t ¼ 0
and then continued with the null history up to time t as (see Fig. 4):
0ðiÞðrÞ :¼ ðiÞðt  rÞUðt  rÞ ¼ ðiÞðrÞUðrÞ i ¼ 1;2 r 6 t; ð54Þ
where UðÞ is the unit step function and the apex denotes the usual
deﬁnition of the strain history up to the time instant t ¼ 0 that is
continued with the null history up to time t. The deﬁnition of mate-
rial state up to time t does not depend on the speciﬁc strain process
pðrÞ for 0 6 r 6 t following the application of the strain histories
ð0ÞðiÞ ðrÞ with ði ¼ 1;2Þ on the material sample. The strain function
up to time t in the deﬁnition of the state may then be expressed
as the superposition:
ðiÞðrÞ :¼ 0ðiÞðrÞ þ UðrÞpðrÞ i ¼ 1;2 and r 2 ð1; tÞ: ð55Þ
Following the deﬁnition of state, we say that the strain histories
0ð1ÞðrÞ and 0ð2ÞðrÞ are equivalent if they correspond to the same
stress measure at any time instant t with t P 0 whatever continu-
ation process pðrÞ is considered:
rð1ÞðtÞ ¼ rð2ÞðtÞ 8t P 0; ð56Þ
where rðiÞðtÞ is the measured stress at time instant t corresponding
to the strain histories e0ðiÞðrÞ. The condition expressed in Eq. (56),
corresponds, to the condition:Z t
1
Gðt  rÞ _ð1ÞðrÞdr ¼
Z t
1
Gðt  rÞ _ð2ÞðrÞdr; ð57Þ
that for the power-law relaxation of FHM is rewritten as:
Cb CD
b
þð1Þ
 
tð Þ ¼ Cb CDbþð2Þ
 
tð Þ: ð58Þ
In other words, as we deﬁne the history ðtÞ :¼ ð2ÞðtÞ  ð1ÞðtÞ con-
dition in Eq. (58) implies that:
Cb CD
b
þ
 
tð Þ ¼ 0 8t P 0: ð59ÞIt has been shown (see Deseri et al., in press) that the equivalence
class of the extended strain histories does not contain the trivial
case  ¼ 0 only. In this setting the state of the material, denoted
as I0ðtÞ, is obtained as difference among the stress at time t evalu-
ated for different histories but belonging to the same equivalence
class, namely, eðeqÞðtÞ ¼ eðtÞ and the stress obtained for the actual
value of the strain as:
I0ðtÞ :¼ Cb CDbþðeqÞ
 
tð Þ  Cbð0Þ
Cð1 bÞtb : ð60Þ
that corresponds to the generic element of the equivalence class as:
ðeqÞðtÞ ¼
IbþI0
 
tð Þ
Cb
¼ 1
CbCðbÞ
Z t
1
I0ðrÞðt  rÞb1dr: ð61Þ
The knowledge of the residual stress for virgin material, as well
as of the state of FHM for non-virgin materials, does not allow one,
in principle, to evaluate the free energy stored in the material as
observed in Section 2.2. The main reason is that the presence of
the pure elastic (solid) phase and viscous (ﬂuid) phase in a non-
separable form for the power-law creep/relaxation functions,
namely JðtÞ and GðtÞ does not allow for the evaluation of the
dissipation rate or the elastic energy rate. In the previous section
it has been shown that the indeterminacy may be removed if we
use the rheological model of power-law relaxation function of
FHM presented in Section 3. Indeed, the clear separation of the vis-
cous (dissipated) and elastic (stored) phases of the rheological
model yields an expression of the dissipation rate of the material
that corresponds exactly with free energy in Staverman and
Schwarzl (1952), namely, wssðtÞ (see Eqs. (44) and (52)).
Under these circumstances the expression of the dissipation
rate of the material may be also obtained in terms of the state of
FHM, that is in terms of the equivalence class of strain histories
corresponding to the same stress measure as:
DEV tð Þ¼DVE tð Þ¼DðtÞ¼12
bþ1
CbCðbÞ

Z t
1
Z t
1
2ts1s2ð Þðbþ1Þ _Ibþ I0
 
s1ð Þ_Ibþ I0
 
s2ð Þds1ds2; ð62Þ
that correspond to the dissipation rate replacing the generic strain
history with Eq. (61) yielding:
wss tð Þ ¼
1
2
1
CbC bð Þ
Z t
1

Z t
1
2t  s1  s2ð Þb _Ibþ I0
 
s1ð Þ_Ibþ I0
 
s2ð Þds1ds2; ð63Þ
that is expressed by a quadratic form of a linear operator, namely
the Riemann–Liouville fractional integral IbðÞ, applied to the state
measure I0ðtÞ as it is expected for the linear measure of strain
and stress used in the paper.
6. Conclusions
In this paper the authors discuss the free energy function for
fractional hereditary materials in terms of a recently proposed
mechanical model (Di Paola et al., 2013a). Indeed the speciﬁc
expression of the free energy for a given relaxation/creep function
is not unique. This problem is well-known and several expression
of the free energy have been provided satisfying the thermody-
namic restrictions about the minimum energy rate or the
maximum entropy function. However for relaxation function, char-
acterized by a single exponential (corresponding to an arrange-
ment of elastic spring and a viscous dashpot) the expressions of
the free energy coincides. In these cases it has been proved, that
the expression of the free energy in Staverman and Schwarzl
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the material. In case of other expressions of the relaxation function,
however, no information about the physics beyond the free energy
expressions have been presented in scientiﬁc literature.
The authors showed that a physical context to the free energy
in Staverman and Schwarzl (1952) may be withdrawn, also, for
the case of power-law relaxation function possessed by fractional
hereditary materials. This equivalence has been obtained by
means of the exact mechanical description of power-laws / tb
provided in previous papers involving either the case of Elasto-
Viscous material models 0 6 b 6 1=2 or the Visco-Elastic material
models 1=2 6 b 6 1 (see for instance Di Paola et al., 2013a; Di
Paola and Zingales, 2012). Indeed, as the equivalence among a
power-law relaxation and a mechanical model represented by a
proper setting of linear elastic springs (solid phase) and linear vis-
cous dashpots (ﬂuid phase) has been established then the evalu-
ation of the stored and dissipated energy is unique. In this paper
we showed that the dissipation rate of the material must be eval-
uated by means of the overall dissipation of the viscous dashpots
of the rheological model. Hence the energy rate dissipated during
any strain/stress history is provided, only, by the overall dissipa-
tion rate of the viscous elements of the ﬂuid phase. Therefore, the
rheological model equivalent to power-law creep/relaxation func-
tions is a crucial point to evaluate the mechanical energy stored
and dissipated in the material during any strain/stress history.
It has been shown that the energy rate of FHM coincides with
the energy rate in Staverman and Schwarzl (1952) for the
power-law relaxation function. The free energy function corre-
sponding to FHM has also been formulated in terms of the mate-
rial state that represents the residual stress in non-virgin
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In this Appendix we address some basic notions about frac-
tional calculus. The Euler–Gamma function z# CðzÞ may be con-
sidered as the generalization of the factorial function since, as z
assumes integer values as Cðzþ 1Þ ¼ z! and it is deﬁned as the
result of the integral
CðzÞ ¼
Z 1
0
exxz1dx: ð64Þ
Riemann–Liouville fractional integrals and derivatives with
0 < b < 1 of functions deﬁned on the entire real axis R have the fol-
lowing forms:
Ibþf
 
tð Þ ¼ 1
CðbÞ
Z t
1
f ðsÞ
ðt  sÞ1b
ds; ð65aÞ
Dbþf
 
tð Þ ¼ 1
Cð1 bÞ
d
dt
Z t
1
f ðsÞ
ðt  sÞb ds; ð65bÞ
whereas their counterparts deﬁned over the whole real axis take
the following forms:Ibaf
 
tð Þ ¼ 1
CðbÞ
Z t
a
f ðsÞ
ðt  sÞ1b
ds; ð66aÞ
Dbaf
 
tð Þ ¼ f ðaÞ
Cð1 bÞðt  aÞb þ
1
Cð1 bÞ
Z t
a
_f ðsÞ
ðt  sÞb ds: ð66bÞ
The relation (66b) is a direct consequence of Corollary of Lemma 2.1
in Samko et al. (1993, p. 32). Besides Riemann–Liouville fractional
operators deﬁned above, another class of fractional derivatives that
is often used in the context of fractional viscoelasticity is
represented by Caputo fractional derivatives deﬁned as:
CDbaþ f
 
tð Þ :¼ Imbaþ Dmaþ f
 ðtÞ m 1 < b < m ð67Þ
and whenever 0 < b < 1 it reads as follows:
CDbaþ f
 
tð Þ ¼ 1
Cð1 bÞ
Z t
a
_f ðsÞ
ðt  sÞb ds: ð68Þ
A closer analysis of (66b) and (68) shows that Caputo fractional
derivative coincides with the integral part of the Riemann–Liouville
fractional derivative in bounded domain. Moreover, the deﬁnition
in (67) implies that the function f ðtÞ has to be absolutely integrable
of order m (in (68) m ¼ 1). Whenever f ðaÞ ¼ 0 Caputo and
Riemann–Liouville fractional derivatives coalesce.
Similar considerations hold true also for Caputo and Riemann–
Liouville fractional derivatives deﬁned on the entire real axis.
Caputo fractional derivatives may be considered as the interpola-
tion among the well-known, integer-order derivatives, operating
over functions f ðÞ that belong to the class of Lebesgue integrable
functions. As a consequence, they are very useful in the mathemat-
ical description of complex systems evolution.
The right-Fourier Transform of Caputo fractional derivative and
Riemann–Liouville fractional integral read as follows:
Fþ Ibþf
 
ð Þ
n o
ðxÞ ¼ ðixÞb f^þðxÞ; ð69aÞ
Fþ CDbþf
 
ð Þ
n o
ðxÞ ¼ ðixÞb f^þðxÞ; ð69bÞ
where
Fþ f ðÞf gðxÞ :¼ f^þðxÞ :¼
Z 1
0
f ðtÞeixtdt: ð70ÞAppendix B
The displacement functions along the depth of the continuum
column of the mechanical models displayed in Fig. 2 (see Di
Paola et al., 2013a for more details) analyzed in the right Fourier
domain assume the following forms
c^ðEÞðz;xÞ ¼ c^ðxÞ
sðEÞa ix
 b2
CðbÞ2b1
zbKb
zﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sðEÞa ix
q
0
B@
1
CA; ð71aÞ
c^ðVÞðz;xÞ ¼ c^ðxÞ
sðVÞa ix
 b
2
CðbÞ2b1 z
bKb z
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sðVÞa ix
q	 

ð71bÞ
for the (E) and (V) case respectively, where c^ðxÞ is the right Fourier
transform of the imposed displacement at the top plate, KmðÞ is the
modiﬁed Bessel function of the second kind of order m; sðEÞa and sðVÞa
have been deﬁned in Eqs. (30b) and (31b) respectively and
b ¼ 1 b. The relationships above are preparatory to enable us
evaluating r^ðEÞm and r^ðVÞm , namely the time-(right)-Fourier transforms
of the microstress, arising in the external devices for both models.
Bearing in mind that a ¼ 2b 1, the right-Fourier Transform of
the microstress related to the external springs for the (E) case may
be written as follows:
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1
A
kEðzÞc^ðEÞðz;xÞ
¼ G0
Cð1þ aÞ z
ac^ðxÞ
sðEÞa ix
 b2
CðbÞ2b1
zbKb
zﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sðEÞa ix
q
0
B@
1
CA
¼ c^ðxÞ
G0 sðEÞa ix
 b1
2
Cð2 2bÞCð1 bÞ2b z
bK1b
zﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sðEÞa ix
q
0
B@
1
CA: ð72Þ
The resultant of such quantities can be computed as the integral
across the external devices (the springs for the (E) case). In order
to evaluate this quantity, we recall that following result holds for
a modiﬁed Bessel function of second kind integral:Z 1
0
zl1Km Azð Þdz ¼ 2l2AlC l m2
 
C
lþ m
2
 
: ð73Þ
By assuming l 1 ¼ b and m ¼ 1 b in (73) and with the aid of
(72), the resultant of the right-Fourier Transform of the microstress
for the (E) case arises in the following form:
Z 1
0
r^ðEÞm ðz;xÞdz¼ c^ðxÞ
G0 sðEÞa ix
 b1
2
Cð22bÞCð1bÞ2b
Z 1
0
zbK1b
zﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sðEÞa ix
q
0
B@
1
CAdz
¼ c^ðxÞ
G0 sðEÞa ix
 b1
2
Cð22bÞCð1bÞ2b2
b1 1
sðEÞa ix
 !ðbþ1Þ2
CðbÞ
¼ c^ðxÞ
G0 sðEÞa
 b
CðbÞ
Cð22bÞCð1bÞ212b|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
CEb
ðixÞb ix
ix
	 

¼ðixÞc^ðxÞCEbðixÞb1: ð74Þ
Hence, by taking the inverse right-Fourier transform of both sides
and by using Fubini’s Theorem on the left-hand side, we have:Z 1
0
rðEÞm ðz; tÞdz ¼
Z t
1
Gðt  sÞ _cðsÞds; ð75Þ
since the right Fourier transform of the assumed relaxation function
in (4) takes the form:
Fþ CbCð1 bÞ t
b
 
ðxÞ ¼ CbðixÞb1: ð76Þ
Similarly, whenever it is assumed that a ¼ 2b 1 the micro-
stress for the external dashpots for the (V) case can be evaluated
as follows:
r^ðVÞm ðz;xÞ ¼
1
A
cV ðzÞðixÞc^ðVÞðz;xÞ
¼ g0
Cð1þ aÞ z
aðixÞc^ðxÞ
sðVÞa ix
 b
2
CðbÞ2b1 z
bKb z
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sVÞa ix
q	 

¼ G0s
ðVÞ
a
Cð1þ aÞ
Cð1þ aÞ
Cð2 2bÞ ðixÞc^ðxÞ

sðVÞa ix
 b
2
CðbÞ2b1 z
1bKb z
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sðVÞa ix
q	 

¼ c^ðxÞ
G0 sðVÞa ix
 bþ2
2
CðbÞCð2 2bÞ2b1 z
1bKb z
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sðVÞa ix
q	 

; ð77Þ
where Eq. (31b) has been used in the following form:sðVÞa ¼
g0
G0
Cð1 aÞ
Cð1þ aÞ ) g0 ¼ s
ðVÞ
a G0
Cð1þ aÞ
Cð2 2bÞ : ð78Þ
The use of Eq. (77) and the assumptions l 1 ¼ 1 b and m ¼ b in
Eq. (73) allow for writing the overall microstress for the (V) case in
the following form:
Z 1
0
r^ðVÞm ðz;xÞdz¼ c^ðxÞ
G0 sðVÞa ix
 bþ2
2
CðbÞCð22bÞ2b1
Z 1
0
z1bKb z
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sðEÞa ix
q	 

dz
¼ c^ðxÞ
G0 sðVÞa ix
 bþ2
2
CðbÞCð22bÞ2b1 2
b sðVÞa
 b2
2 Cð1bÞ
¼ c^ðxÞ
G0 sðVÞa
 b
Cð1bÞ
CðbÞCð22bÞ22b1|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}CVb ðixÞ
b ix
ix
	 

¼ ðixÞc^ðxÞCVb ðixÞb1: ð79Þ
Now, proceeding like in Eq. (75) we get:Z 1
0
rðVÞm ðz; tÞdz ¼
Z t
1
Gðt  sÞ _cðsÞds: ð80Þ
The results addressed by Eqs. (74) and (75) and Eqs. (79) and
(80) show that it is possible to compute the resultant of the
microstresses in both models without knowing explicitly the
transfer function Hðz; tÞ in the time domain.
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